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Oscillation and variation for semigroups associated with Bessel
operators
Huoxiong Wu, Dongyong Yang ∗and Jing Zhang
Abstract: Let λ > 0 and △λ := − d2dx2 − 2λx ddx be the Bessel operator on R+ := (0,∞).
We show that the oscillation operator O(P [λ]∗ ) and variation operator Vρ(P [λ]∗ ) of the
Poisson semigroup {P [λ]t }t>0 associated with ∆λ are both bounded on Lp(R+, dmλ)
for p ∈ (1,∞), BMO(R+, dmλ), from L1(R+, dmλ) to L1,∞(R+, dmλ), and from
H1(R+, dmλ) to L
1(R+, dmλ), where ρ ∈ (2,∞) and dmλ(x) := x2λ dx. As an applica-
tion, an equivalent characterization of H1(R+, dmλ) in terms of Vρ(P [λ]∗ ) is also estab-
lished. All these results hold if {P [λ]t }t>0 is replaced by the heat semigroup {W [λ]t }t>0.
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1 Introduction and statement of main results
Let (X , µ) be a measure space and T∗ := {Tǫ}ǫ>0 a family of operators bounded on Lp(X , µ) for
p ∈ (1,∞) such that limǫ→0 Tǫf exists in some sense. A classical way to measure the speed of
convergence of {Tǫ}ǫ>0 is to study square functions of the type (
∑∞
i=1 |Tǫif−Tǫi+1f |2)1/2, where
ǫi → 0. Recently, other expressions have been considered, among which are the ρ-variation
and the oscillation operators; see, for instance, [2, 4, 9, 10, 11, 14, 15, 17, 19, 20]. Recall that
variation operator Vρ(T∗f) is defined by
Vρ(T∗f)(x) := sup
ǫiց0
( ∞∑
i=1
|Tǫi+1f(x)− Tǫif(x)|ρ
)1/ρ
, (1.1)
where the supremum is taken over all sequences {ǫi} decreasing to zero. The oscillation operator
O(T∗f) can be introduced as
O(T∗f)(x) :=
( ∞∑
i=1
sup
ǫi+1≤ti+1<ti≤ǫi
|Tti+1f(x)− Ttif(x)|2
)1/2
(1.2)
with {ǫi} being a fixed sequence decreasing to zero.
The Lp-boundedness of these operators were studied by Bourgain [2] for p = 2 and by Jones
et al. [18] for p ∈ [1,∞) in the context of ergodic theory. Since then, in harmonic analysis,
the study of boundedness of oscillation and variation operators associated with semigroups
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of operators and families of truncations of singular integrals have been paid more and more
attention. In particular, Campbell et al. [10] first established the strong (p, p)-boundedness in
the range 1 < p <∞ and the weak type (1, 1)-boundedness of the oscillation operator and the
ρ-variation operator for the Hilbert transform. Subsequently, in [11], Campbell et al. further
extended the results in [10] to the higher dimensional cases including Riesz transforms and
general singular integrals with rough homogeneous kernels in Rd. On the other hand, Jones and
Reinhold [19] obtained the Lp-boundedness properties for p ≥ 1 of the oscillation and variation
operators associated with the symmetric diffusion semigroup(see Lemma 2.2). Crescimbeni et
al. [15] subsequently established weighted variation inequalities of heat semigroup and Poisson
semigroup associated to Laplacian and Hermite operator. For more results on oscillation and
variation operators, we refer the readers to [4, 9, 14, 20, 22, 27] and the references therein.
Let λ be a positive constant and △λ be the Bessel operator which is defined by setting, for
all suitable functions f on R+ := (0,∞),
△λf(x) := − d
2
dx2
f(x)− 2λ
x
d
dx
f(x).
An early work concerning the Bessel operator goes back to Muckenhoupt and Stein [23]. They
developed a theory associated to △λ which is parallel to the classical one associated to the
Laplace operator △. Since then, a lot of work concerning the Bessel operators was carried out;
see, for example [1, 3, 6, 7, 8, 16, 21, 25, 26]. In particular, Betancor et al. in [5] established
the characterizations of the atomic Hardy space H1((0,∞), dmλ) associated to △λ in terms of
the Riesz transform and the radial maximal function related to a class of functions including
the Poisson semigroup {P [λ]t }t>0 and the heat semigroup {W [λ]t }t>0 as special cases, where
dmλ(x) := x
2λ dx and dx is the Lebesgue measure.
The aim of this paper is to prove the Lp(R+, dmλ)-boundedness and their endpoint estimates
of the oscillation and variation operators for {P [λ]t }t>0 and {W [λ]t }t>0, respectively. To this end,
we recall some necessary notation.
Let P
[λ]
∗ := {P [λ]t }t>0 be a family of Poisson semigroup operators defined by
P
[λ]
t f(x) := e
−t√△λf(x) =
∫ ∞
0
P
[λ]
t (x, y)f(y) y
2λdy ,
where Jν is the Bessel function of the first kind of order ν with ν ∈ (−1/2,∞) and
P
[λ]
t (x, y) =
∫ ∞
0
e−tz(xz)−λ+1/2Jλ−1/2(xz)(yz)−λ+1/2Jλ−1/2(yz) dmλ(z)
=
2λt
π
∫ π
0
(sin θ)2λ−1
(x2 + y2 + t2 − 2xy cos θ)λ+1 dθ, t, x, y ∈ (0, ∞); (1.3)
see [5].
Let {tj}j>0 be a fixed decreasing sequence converging to zero and ρ > 2. The ρ-variation
operator Vρ(P [λ]∗ ) and oscillation operator O(P [λ]∗ ) associated with the Poisson semigroup are
defined by setting, for all suitable functions f and x ∈ R+,
Vρ
(
P
[λ]
∗
)
f(x) := sup
tjց0
 ∞∑
j=1
∣∣∣P [λ]tj+1f(x)− P [λ]tj f(x)∣∣∣ρ
1/ρ
Oscillation and variation for semigroups associated with Bessel operators 3
and
O
(
P
[λ]
∗
)
f(x) :=
 ∞∑
j=1
sup
tj+1≤ǫj+1<ǫj≤tj
∣∣∣P [λ]ǫj+1f(x)− P [λ]ǫj f(x)∣∣∣2
1/2 .
The first main result of this paper is as follows.
Theorem 1.1. Let ρ ∈ (2,∞). The operators O(P [λ]∗ ) and Vρ(P [λ]∗ ) are both bounded
(i) from Lp(R+, dmλ) to itself for any p ∈ (1,∞).
(ii) from L1(R+, dmλ) to L
1,∞(R+, dmλ).
For the endpoint p = 1, we also consider the boundedness of O(P [λ]∗ ) and Vρ(P [λ]∗ ) on
Hardy space H1(R+, dmλ) in [5]. Throughout this paper, for any x, r ∈ R+, we define
I(x, r) := (x− r, x+ r) ∩ R+.
Definition 1.2 ([5]). A measurable function a is called an H1(R+, dmλ)-atom if there exist a
bounded interval I ⊂ [0,∞) such that
supp a ⊂ I, ‖a‖L∞(R+, dmλ) ≤ 1/mλ(I) and
∫ ∞
0
a(x)dmλ(x) = 0.
A function f ∈ L1(R+, dmλ) is in H1(R+, dmλ) if and only if f(x) =
∑∞
j=1 αjaj(x) in
L1(R+, dmλ), where for every j, aj is an H
1(R+, dmλ)-atom and αj ∈ C, with
∑∞
j=1 |αj | <∞.
The norm ‖f‖H1(R+, dmλ) is defined by
‖f‖H1(R+, dmλ) := inf
∞∑
j=1
|αj |,
where the infimum is taken over all possible decompositions of f as above.
We now state the boundedness of O(P [λ]∗ ) and Vρ(P [λ]∗ ) from H1(R+, dmλ) introduced in [5]
to L1(R+, dmλ).
Theorem 1.3. Let ρ ∈ (2,∞). The operators O(P [λ]∗ ) and Vρ(P [λ]∗ ) are both bounded from
H1(R+, dmλ) to L
1(R+, dmλ).
As a consequence of Theorem 1.3, we have the following characterization of H1(R+, dmλ)
via Vρ
(
P λ∗
)
.
Theorem 1.4. Let ρ ∈ (2,∞). A function f ∈ L1(R+, dmλ) is in H1(R+, dmλ) if and only
if Vρ(P [λ]∗ )(f) ∈ L1(R+, dmλ). Moreover, there exists a positive constant C > 1 such that
‖f‖H1(R+, dmλ)/C ≤ ‖f‖L1(R+, dmλ) +
∥∥∥Vρ (P [λ]∗ ) (f)∥∥∥
L1(R+, dmλ)
≤ C‖f‖H1(R+, dmλ).
For p =∞, we study the boundedness of O(P [λ]∗ ) and Vρ(P [λ]∗ ) on BMO(R+, dmλ) in [5].
4 Huoxiong Wu, Dongyong Yang and Jing Zhang
Definition 1.5 ([26]). A function f ∈ L1loc(R+, dmλ) belongs to the space BMO(R+, dmλ) if
‖f‖BMO(R+, dmλ) := sup
x, r∈(0,∞)
1
mλ(I(x, r))
∫
I(x, r)
|f(y)− fI(x, r), λ| y2λdy <∞,
where
fI(x, r), λ :=
1
mλ(I(x, r))
∫
I(x, r)
f(y) y2λdy. (1.4)
Our result concerning the boundedness of O(P [λ]∗ ) and Vρ(P [λ]∗ ) on BMO(R+, dmλ) is stated
as below.
Theorem 1.6. Let ρ ∈ (2,∞). The operators O(P [λ]∗ ) and Vρ(P [λ]∗ ) are both bounded on
BMO(R+, dmλ).
Remark 1.7. Let {W [λ]t }t>0 be the heat semigroup associated with ∆λ defined by setting, for
all f ∈ ⋃1≤p≤∞Lp(R+, dmλ) and x ∈ R+,
W
[λ]
t f(x) := e
−t∆λf(x) =
∫ ∞
0
W
[λ]
t (x, y)f(y) dmλ(y),
where
W
[λ]
t (x, y) :=
2(1−2λ)/2
Γ(λ)
√
π
t−λ−
1
2 exp
(
−x
2 + y2 − 2xy cos θ
2t
)
(sin θ)2λ−1 dθ;
(see [5, pp. 200-201]). We remark all the conclusions of Theorems 1.1, 1.3, 1.4 and 1.6 hold if
the Poisson semigroup {P [λ]t }t>0 is replaced by the heat semigroup {W [λ]t }t>0.
The organization of this paper is as follows.
Section 2 is devoted to the proof of Theorem 1.1. For this purpose, we first establish a basic
proposition on the upper bounds of the Poisson kernel and its derivatives. Then we prove the
Lp(R+, dmλ) boundedness (p > 1) of O(P [λ]∗ ) and Vρ(P [λ]∗ ) by using the result in [19] on the
oscillation and variation for symmetric diffusion semigroups (see Lemma 2.2). Moreover, using
the Caldero´n-Zygmund decomposition, the basic proposition and the Lp(R+, dmλ) bounded-
ness (p > 1) of O(P [λ]∗ ) and Vρ(P [λ]∗ ), we further show that both O(P [λ]∗ ) and Vρ(P [λ]∗ ) are of
weak type (1,1).
In Section 3, we establish another endpoint estimation for p = 1 of O(P [λ]∗ ) and Vρ(P [λ]∗ ).
Precisely, applying the atomic decomposition and the basic proposition in Section 2, we prove
O(P [λ]∗ ) and Vρ(P [λ]∗ ) are bounded from H1(R+, dmλ) to L1(R+, dmλ). As an application, by
the characterization of H1(R+, dmλ) space via the maximal operator MP [λ] of the Poisson
semigroup {P [λ]t }t>0 in [5], we further establish an equivalent characterization of H1(R+, dmλ)
space in terms of Vρ(P [λ]∗ ).
Based on the proposition in Section 2 and properties of BMO(R+, dmλ), we in Section 4
obtain the boundedness of O(P [λ]∗ ) and Vρ(P [λ]∗ ) on BMO(R+, dmλ). We borrow the ideas in
[9]. However, compared with the case in [9], since the Poisson semigroup {P [λ]t }t>0 associated
with ∆λ has the conservation property P
[λ]
t (1) = 1, our argument is more straightfoward than
that in [9].
Throughout the paper, we denote by C positive constants which is independent of the main
parameters, but it may vary from line to line. For every p ∈ (1,∞), we denote by p′ the
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conjugate of p, i.e., 1/p′ +1/p = 1. If f ≤ Cg, we then write f . g or g & f ; and if f . g . f ,
we write f ∼ g. For any k ∈ R+ and I := I(x, r) for some x, r ∈ (0,∞), kI := I(x, kr). For
any x, r ∈ (0, ∞), if x < r, then
I(x, r) = (0, x+ r) = I
(
x+ r
2
,
x+ r
2
)
.
Thus, we may assume that x ≥ r.
2 Lp(R+, dmλ)-boundedness and weak type (1,1) estimates
In this section, we provide the proof of Theorem 1.1. To begin with, we first establish a basic
proposition on the upper bounds of the Poisson kernel and its derivatives, which is a useful
tool in this paper.
Proposition 2.1. There exists a positive constant C such that for any x, y, t ∈ (0,∞),
i) ∣∣∣P [λ]t (x, y)∣∣∣ ≤ C t(|x− y|2 + t2)λ+1 , (2.1)
and ∣∣∣P [λ]t (x, y)∣∣∣ ≤ C t(xy)λ(|x− y|2 + t2) . (2.2)
ii) ∣∣∣∂xP [λ]t (x, y)∣∣∣ ≤ C t(|x− y|2 + t2)λ+3/2 ,
and ∣∣∣∂xP [λ]t (x, y)∣∣∣ ≤ C t(xy)λ(|x− y|2 + t2)3/2 .
iii) ∣∣∣∂tP [λ]t (x, y)∣∣∣ ≤ C 1(|x− y|2 + t2)λ+1 ,
and ∣∣∣∂tP [λ]t (x, y)∣∣∣ ≤ C 1(xy)λ(|x− y|2 + t2) .
iv) ∣∣∣∂y∂tP [λ]t (x, y)∣∣∣+ ∣∣∣∂x∂tP [λ]t (x, y)∣∣∣ ≤ C 1(|x− y|2 + t2)λ+3/2 , (2.3)
and ∣∣∣∂y∂tP [λ]t (x, y)∣∣∣+ ∣∣∣∂x∂tP [λ]t (x, y)∣∣∣ ≤ C 1(xy)λ(|x− y|2 + t2)3/2 . (2.4)
Proof. We first show i). By (1.3) and the fact∫ π
0
(sin θ)2λ−1dθ =
Γ(λ)
√
π
Γ(λ+ 1/2)
, (2.5)
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it is easy to see (2.1) holds. On the other hand, by the fact that for θ ∈ [0, π/2], sin θ ∼ θ and
1− cos θ ≥ 2(θ/π)2, we have∣∣∣P [λ]t (x, y)∣∣∣ . ∫ π/2
0
t(sin θ)2λ−1
[|x− y|2 + t2 + 2xy(1− cos θ)]λ+1dθ
.
∫ π/2
0
tθ2λ−1
[|x− y|2 + t2 + 4xyθ2/π2]λ+1dθ
.
t
(xy)λ(|x− y|2 + t2)
∫ ∞
0
β2λ−1
(1 + β2)λ+1
dβ
.
t
(xy)λ(|x− y|2 + t2) .
This implies (2.2) and hence i).
Observe that ∣∣∣∂tP [λ]t (x, y)∣∣∣ . ∫ π
0
(sin θ)2λ−1
(x2 + y2 + t2 − 2xy cos θ)λ+1 dθ,∣∣∣∂xP [λ]t (x, y)∣∣∣ . ∫ π
0
t(sin θ)2λ−1
(x2 + y2 + t2 − 2xy cos θ)λ+3/2 dθ,
and ∣∣∣∂x∂tP [λ]t (x, y)∣∣∣+ ∣∣∣∂y∂tP [λ]t (x, y)∣∣∣ . ∫ π
0
(sin θ)2λ−1
(x2 + y2 + t2 − 2xy cos θ)λ+3/2 dθ.
Then using a similar argument, we see that ii)-iv) hold. This finishes the proof of Proposition
2.1.
Before we present the proof of Theorem 1.1, we also need two auxiliary lemmas which were
established in [19] and [12].
Lemma 2.2. Let (Σ, dµ) be a positive measure space and T∗ = {Tt}t>0 a symmetric diffusion
semigroup satisfying that TtTs = TsTt for any t, s ∈ (0,∞), T0 = I the identity operator,
limt→0 Ttf = f in L2(Σ, dµ) and
(Ti) ‖Ttf‖Lp(Σ, dµ) ≤ ‖f‖Lp(Σ, dµ) for all p ∈ [1,∞] and t ∈ (0, ∞);
(Tii) Tt is self-adjoint on L
2(Σ, dµ) for all t ∈ (0, ∞);
(Tiii) Ttf ≥ 0 for all f ≥ 0 and t ∈ (0,∞);
(Tiv) Tt(1) = 1 for all t ∈ (0, ∞).
Then the operators Vρ(T∗) and O(T∗) defined in (1.1) and (1.2) are both bounded on Lp(Σ, dµ)
for any p ∈ (1,∞).
It is straightforward from the definition of mλ (i.e., dmλ(x) := x
2λdx) that there exists a
finite constant C > 1 such that for all x, r ∈ R+,
C−1mλ(I(x, r)) ≤ x2λr + r2λ+1 ≤ Cmλ(I(x, r)).
This means that (R+, | · |, dmλ) is a space of homogeneous type in the sense of [12, 13].
The following Caldero´n-Zygmund decomposition was established in [12, pp. 73-74] in the
setting of spaces of homogeneous type.
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Lemma 2.3. Let f ∈ L1(R+, dmλ) and η > 0, there exist a family of intervals {Ij}j , and
constants C > 0 and M ≥ 1, such that
(i) f =: g + b =: g +
∑
j bj, where bj is supported in Ij ,
(ii) ‖g‖L∞(R+, dmλ) ≤ Cη and ‖g‖L1(R+, dmλ) ≤ C‖f‖L1(R+, dmλ),
(iii)
∑
j ‖bj‖L1(R+, dmλ) ≤ C‖f‖L1(R+, dmλ) and
∫
Ij
bj(x) dmλ(x) = 0 for each j,
(iv)
∑
j mλ(Ij) ≤ Cη ‖f‖L1(R+, dmλ),
(v) for any x ∈ R+,
∑
j χIj(x) ≤M .
Proof of Theorem 1.1. We first claim that {P [λ]t }t>0 satisfies the conditions in Lemma 2.2. In
fact, {P [λ]t }t>0 is a contraction semigroup on Lr(R+, dmλ) for all r ∈ [1,∞]; see [5, p. 197].
Thus (Ti) holds. Next, Since ∆λ is a self-adjoint operator, then {P [λ]t }t>0 satisfies (Tii). Third,
recall that for any t, x, y ∈ (0,∞), the kernel P [λ]t (x, y) of P [λ]t satisfies (1.3), which implies
(Tiii). Moreover, by [5, p. 208], the conservation property (Tiv) holds for {P [λ]t }t>0. According
to Lemma 2.2, we conclude that O(P [λ]∗ ) and Vρ(P [λ]∗ ) are bounded on Lp(R+, dmλ) for any
p ∈ (1,∞).
We next establish the weak (1,1) estimation. We only give the proof of O(P [λ]∗ ) and the
proof of Vρ(P [λ]∗ ) is similar. For any f ∈ L1(R+, dmλ) and η ∈ (0,∞). By Lemma 2.3, we have
functions g, b, bj and intervals {Ij}j as in Lemma 2.3.
Since the operator O(P [λ]∗ ) is subadditive, to show
mλ
({
x ∈ R+ : O
(
P
[λ]
∗
)
f(x) > η
})
≤ C
η
‖f‖L1(R+, dmλ),
it suffices to prove
mλ
({
x ∈ R+ :
∣∣∣O (P [λ]∗ )(g)(x)∣∣∣ > η
2
})
≤ C
η
‖f‖L1(R+, dmλ), (2.6)
and
mλ
({
x ∈ R+ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
≤ C
η
‖f‖L1(R+, dmλ). (2.7)
For (2.6), by the L2-boundedness of O(P [λ]∗ ) and Lemma 2.3 (ii), we have
mλ
({
x ∈ R+ :
∣∣∣O (P [λ]∗ )(g)(x)∣∣∣ > η
2
})
.
1
η2
∫
R+
|g(x)|2 dmλ(x)
.
1
η2
‖g‖L∞(R+, dmλ)
∫
R+
|g(x)| dmλ(x)
.
1
η
∫
R+
|f(x)| dmλ(x).
This shows (2.6).
Now, we prove (2.7). Let I˜j := 3Ij and I˜ :=
⋃
j I˜j. Using the doubling property of mλ and
Lemma 2.3 (iv), we write
mλ
({
x ∈ R+ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
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. mλ
(
I˜
)
+mλ
({
x ∈ R+\I˜ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
.
1
η
‖f‖L1(R+, dmλ) +mλ
({
x ∈ R+\I˜ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
.
It remains to estimate the last term. For each j, by the fundamental theorem of calculus, we
now analyze the operator
O
(
P
[λ]
∗
)
(bj)(x) =
∞∑
k=1
(
sup
tk+1≤εk+1<εk≤tk
∣∣∣P [λ]εk+1bj(x)− P [λ]εk bj(x)∣∣∣2
)1/2
≤
∞∑
k=1
[
sup
tk+1≤εk+1<εk≤tk
∣∣∣∣∫
R+
(
P [λ]εk+1(x, y)− P [λ]εk (x, y)
)
bj(y) dmλ(y)
∣∣∣∣
]
=
∞∑
k=1
[
sup
tk+1≤εk+1<εk≤tk
∣∣∣∣∣
∫
R+
∫ εk
εk+1
∂tP
[λ]
t (x, y)bj(y) dtdmλ(y)
∣∣∣∣∣
]
.
By (i) and (iii) of Lemma 2.3, we have∫
R+
∂tP
[λ]
t (x, y)bj(y)dmλ(y) =
∫
R+
[
∂tP
[λ]
t (x, y)− ∂tP [λ]t (x, yj)
]
bj(y) dmλ(y),
where yj is the center of Ij . This yields that
O
(
P
[λ]
∗
)
(bj)(x) ≤
∫ ∞
0
∫
R+
∣∣∣∂tP [λ]t (x, y)− ∂tP [λ]t (x, yj)∣∣∣ |bj(y)| dmλ(y) dt.
Then applying Lemma 2.3 (i) and the mean value theorem, we write
mλ
({
x ∈ R+\ I˜ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
.
1
η
∫
R+\ I˜
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ dmλ(x)
.
1
η
∑
j
∫
R+\ I˜j
∫ ∞
0
∫
R+
∣∣∣∂tP [λ]t (x, y)− ∂tP [λ]t (x, yj)∣∣∣ |bj(y)| dmλ(y) dt dmλ(x)
.
1
η
∑
j
∫
R+\ I˜j
∫ ∞
0
∫
R+
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |y − yj| |bj(y)| dmλ(y) dt dmλ(x)
.
1
η
∑
j
∫
R+\ I˜j
∫ |Ij |
0
∫
R+
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |y − yj| |bj(y)| dmλ(y) dt dmλ(x)
+
1
η
∑
j
∫
R+\ I˜j
∫ ∞
|Ij |
∫
R+
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |y − yj| |bj(y)| dmλ(y) dt dmλ(x)
=: T1 +T2,
where for y ∈ Ij , ξ := sy + (1− s)yj for certain s ∈ (0, 1).
To estimate T1, we first claim that∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ . 1mλ(I(yj , |x− yj|)) 1(|x− yj|+ t)2 . (2.8)
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In fact, for any x ∈ R+ \ I˜j and y, ξ ∈ Ij, we have
|x− y| ∼ |x− yj| ∼ |x− ξ|
and
mλ(I(yj , |x− yj|)) ∼ mλ(I(x, |x− yj|)) ∼ mλ(I(x, |x− y|)). (2.9)
We further consider the following two cases:
Case 1: x ≤ 2|x− y|. In this case,
mλ(I(x, |x − y|)) ∼ |x− y|2λ+1.
By Proposition 2.1 iv) and (2.9), we see that∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣. 1(|x− ξ|2 + t2)λ+3/2
.
1
mλ(I(x, |x − y|))
1
(|x− y|+ t)2
∼ 1
mλ(I(yj , |x− yj|))
1
(|x− yj|+ t)2 .
Case 2: x ≥ 2|x− y|. In this case, mλ(I(x, |x − y|)) ∼ x2λ|x− y|. Since x /∈ I˜j and y ∈ Ij,
x ∼ y ∼ ξ, we have that by (2.9),
mλ(I(yj , |x− yj|)) ∼ mλ(I(x, |x − y|)) ∼ (xξ)λ|x− y|.
Thus, applying (2.4), we conclude that∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣. 1(xξ)λ(|x− ξ|+ t)3
.
1
mλ(I(x, |x − y|))
1
(|x− y|+ t)2
∼ 1
mλ(I(yj , |x− yj|))
1
(|x− yj|+ t)2 .
Combining the two cases above, we conclude that (2.8) holds.
For x /∈ I˜j and y ∈ Ij, by (2.8) and Lemma 2.3 (iii), we have that
T1 .
1
η
∑
j
∞∑
k=1
∫
3k+1Ij\ 3kIj
∫ |Ij |
0
∫
R+
|Ij|
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |bj(y)| dmλ(y) dt dmλ(x)
.
1
η
∑
j
∞∑
k=1
∫
3k+1Ij\ 3kIj
∫
R+
|Ij|2
mλ(I(yj , |x− yj|))|x− yj|2 |bj(y)| dmλ(y) dmλ(x)
.
1
η
∑
j
∫
R+
|bj(y)|dmλ(y)
∞∑
k=1
|Ij |2
(3k|Ij |)2
mλ(3
k+1Ij)
mλ(3kIj)
.
1
η
∑
j
∫
R+
|bj(y)| dmλ(y)
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.
1
η
‖f‖L1(R+, dmλ).
Now we estimate T2. By (2.8) and Lemma 2.3 (iii) again, we have
T2 .
1
η
∑
j
∞∑
k=1
∫
3k+1Ij\ 3kIj
∫ ∞
|Ij|
∫
R+
1
mλ(I(yj, |x− yj|))
|Ij |
(|x− yj|+ t)2 |bj(y)| dmλ(y) dt dmλ(x)
.
1
η
∑
j
∞∑
k=1
∫
3k+1Ij\ 3kIj
∫
R+
1
mλ(I(yj , |x− yj |))
|Ij|
(|x− yj|+ |Ij|) |bj(y)| dmλ(y) dmλ(x)
.
1
η
∑
j
∫
R+
|bj(y)| dmλ(y)
∞∑
k=1
|Ij|mλ(3k+1Ij)
mλ(3kIj)3k|Ij |
.
1
η
‖f‖L1(R+, dmλ).
Consequently, we obtain T2 .
1
η‖f‖L1(R+, dmλ). Therefore, we have
mλ
({
x ∈ R+\I˜ :
∣∣∣O (P [λ]∗ )(b)(x)∣∣∣ > η
2
})
.
1
η
‖f‖L1(R+, dmλ).
This finishes the proof of Theorem 1.1.
3 (H1(R+, dmλ), L
1(R+, dmλ))-boundedness
In this section, we present the proofs of Theorems 1.3 and 1.4. The proof for Vρ(P [λ]∗ ) is
completely analogous to that of O(P [λ]∗ ) in Theorem 1.3. Hence, we only provide the version
for O(P [λ]∗ ) here.
Proof of Theorem 1.3. Assume that f ∈ H1(R+, dmλ). Then we have that f =
∑
αkak,
where ak is an H
1(R+, dmλ)-atom such that
∑
k |αk| < ∞ and there exists an open bounded
interval Ik = I(xk, r) ⊂ R+ such that supp (ak) ⊂ I, ‖ak‖L∞(R+, dmλ) ≤ [mλ(Ik)]−1 and∫
R+
ak(x)dmλ(x) = 0. SinceH
1(R+, dmλ) ⊂ L1(R+, dmλ) and P [λ]t is bounded on L1(R+, dmλ)
for each t ∈ (0,∞), we have P [λ]t f =
∑
k αkP
[λ]
t (ak). Moreover, we write
O
(
P
[λ]
∗
)
f(x) =
 ∞∑
j=1
(
sup
tj+1≤εj+1<εj≤tj
∣∣∣∣∣∑
k
αkP
[λ]
εj (ak)(x) −
∑
k
αkP
[λ]
εj+1(ak)(x)
∣∣∣∣∣
)21/2
≤
 ∞∑
j=1
(∑
k
|αk| sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj (ak)(x)− P [λ]εj+1(ak)(x)∣∣∣
)21/2 .
Applying Minkowski’s inequality for series, we have
O
(
P
[λ]
∗
)
f(x) ≤
∑
k
|αk|
 ∞∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj ak(x)− P [λ]εj+1ak(x)∣∣∣2
1/2
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=
∑
k
|αk|O
(
P
[λ]
∗
)
(ak)(x).
Therefore,∫
R+
O
(
P
[λ]
∗
)
f(x)dmλ(x)
≤
∑
k
|αk|
∫
R+
O
(
P
[λ]
∗
)
(ak)(x) dmλ(x)
≤
∑
k
|αk|
[∫
2Ik
O
(
P
[λ]
∗
)
(ak)(x)dmλ(x) +
∫
R+\2Ik
O
(
P
[λ]
∗
)
(ak)(x) dmλ(x)
]
=:
∑
k
|αk|(Ek,1 + Ek,2).
By Ho¨lder’s inequality, ‖ak‖L∞(R+, dmλ) ≤ [mλ(Ik)]−1 and the L2(R+, dmλ)-boundedness prop-
erty of O(P [λ]∗ ), we obtain
Ek,1 ≤
{∫
2Ik
[
O
(
P
[λ]
∗
)
(ak)(x)
]2
dmλ(x)
}1/2
[mλ(2Ik)]
1/2
.
[∫
Ik
|ak(x)|2dmλ(x)
]1/2
[mλ(Ik)]
1/2
. [mλ(Ik)]
−1/2 [mλ(Ik)]
1/2 ∼ 1.
For any x /∈ 2Ik, we see that
O
(
P
[λ]
∗
)
(ak)(x) ≤
∞∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj ak(x)− P [λ]εj+1ak(x)∣∣∣
=
∞∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣∣∣
∫ εj
εj+1
∂tP
[λ]
t (ak)(x) dt
∣∣∣∣∣
≤
∞∑
j=1
∫ tj
tj+1
∣∣∣∂tP [λ]t (ak)(x)∣∣∣ dt
≤
∫ ∞
0
∣∣∣∂tP [λ]t (ak)(x)∣∣∣ dt. (3.1)
Combining
∫
R+
ak(x)dmλ(x) = 0 and the mean value theorem yields∣∣∣∂tP [λ]t ak(x)∣∣∣ = ∣∣∣∣∫
R+
∂tP
[λ]
t (x, y)ak(y) dmλ(y)
∣∣∣∣
=
∣∣∣∣∫
R+
[
∂tP
[λ]
t (x, y)− ∂tP [λ]t (x, xk)
]
ak(y) dmλ(y)
∣∣∣∣
≤
∫
Ik
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |y − xk||ak(y)| dmλ(y), (3.2)
where ξ := sy + (1− s)xk for s ∈ (0, 1).
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For any y, ξ ∈ Ik, x ∈ R+ \ 2Ik, we have |x− ξ| ∼ |x− y|. Thus, by (2.8), we see that
Ek,2 .
∫
R+\2Ik
O
(
P
[λ]
∗
)
(ak)(x) dmλ(x)
.
∫
R+\2Ik
∫ ∞
0
∫
Ik
∣∣∣∂y∂tP [λ]t (x, ξ)∣∣∣ |y − xk||ak(y)| dmλ(y) dt dmλ(x)
.
∫
R+\2Ik
∫ 2r
0
∫
Ik
|y − xk|
mλ(I(xk, |x− xk|))
1
(|x− xk|+ t)2
|ak(y)| dmλ(y) dt dmλ(x)
+
∫
R+\2Ik
∫ ∞
2r
∫
Ik
|y − xk|
mλ(I(xk, |x− xk|))
1
(|x− xk|+ t)2
|ak(y)| dmλ(y) dt dmλ(x)
. r2
∞∑
j=1
∫
Ik
∫
2j+1Ik\2jIk
1
mλ(I(xk, |x− xk|))
1
|x− xk|2 dmλ(x)|ak(y)| dmλ(y)
+r
∞∑
j=1
∫
Ik
∫
2j+1Ik\2jIk
1
mλ(I(xk, |x− xk|))
1
|x− xk| dmλ(x)|ak(y)| dmλ(y)
. r2
∞∑
j=1
1
(2jr)2
mλ(2
j+1Ik)
mλ(2jIk)
+ r
∞∑
j=1
1
2jr
mλ(2
j+1Ik)
mλ(2jIk)
. 1.
Therefore, ∫
R+
O
(
P
[λ]
∗
)
f(x)dmλ(x) .
∑
k
|αk|.
This means ∫
R+
O
(
P
[λ]
∗
)
f(x)dmλ(x) . ‖f‖H1(R+, dmλ).
This finishes the proof of Theorem 1.3.
We next present the proof of Theorem 1.4.
Proof of Theorem 1.4. First assume that f ∈ H1(R+, dmλ). Then f ∈ L1(R+, dmλ). More-
over, by Theorem 1.3, we see that Vρ(P
[λ]
∗ )(f) ∈ L1(R+, dmλ) and
‖f‖L1(R+, dmλ) +
∥∥∥Vρ (P [λ]∗ ) (f)∥∥∥
L1(R+, dmλ)
. ‖f‖H1(R+, dmλ). (3.3)
Conversely, let f ∈ L1(R+, dmλ) such that Vρ(P [λ]∗ )(f) ∈ L1(R+, dmλ). We first claim that
for a. e. x ∈ R+,
MP [λ](f)(x) ≤ Vρ
(
P
[λ]
∗
)
(f)(x) + |f(x)|, (3.4)
where
MP [λ](f)(x) := sup
t>0
∣∣∣P [λ]t f(x)∣∣∣ ; (3.5)
see [5]. In fact, it suffices to verify that for any t ∈ (0,∞) and a. e. x ∈ R+,∣∣∣P [λ]t f(x)∣∣∣ ≤ Vρ (P [λ]∗ ) (f)(x) + |f(x)|. (3.6)
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To this end, recall that P
[λ]
t f → f in L1(R+, dmλ) as t → 0+; see [26, p. 362]. Then for a. e.
x ∈ R+, we have that P [λ]t f(x)→ f(x) as t→ 0+. Thus for fixed t ∈ (0,∞) and any ε ∈ (0,∞),
there exists t0 ∈ (0, t) such that for any t˜ ∈ (0, t0),∣∣∣P [λ]
t˜
f(x)− f(x)
∣∣∣ < ε.
Let t˜ ∈ (0, t0) and {tj}∞j=1 ց 0 satisfying that t1 := t and t2 := t˜. Then we conclude that∣∣∣P [λ]t f(x)∣∣∣≤ ∣∣∣P [λ]t f(x)− P [λ]t˜ f(x)∣∣∣+ ∣∣∣P [λ]t˜ f(x)− f(x)∣∣∣+ |f(x)|
<Vρ
(
P
[λ]
∗
)
(f)(x) + ε+ |f(x)|.
Since ε is arbitrary, we see that (3.6) holds. This shows (3.4).
From (3.4) and the assumption that f, Vρ(P
[λ]
∗ )(f) ∈ L1(R+, dmλ), it follows thatMP [λ]f ∈
L1(R+, dmλ). Recall that the space H
1(R+, dmλ) is characterized in [5, Theorem 1.7] in
terms of MP [λ] that a function f ∈ L1(R+, dmλ) is in H1(R+, dmλ) if and only MP [λ]f ∈
L1(R+, dmλ) and
‖f‖H1(R+, dmλ) ∼ ‖f‖L1(R+, dmλ) + ‖MP [λ]f‖L1(R+, dmλ) .
This further implies that f ∈ H1(R+, dmλ) and
‖f‖H1(R+, dmλ) . ‖f‖L1(R+, dmλ) +
∥∥∥Vρ (P [λ]∗ ) (f)∥∥∥
L1(R+, dmλ)
,
which together with (3.3) completes the proof of Theorem 1.4.
4 The BMO(R+, dmλ)-type estimation
In this section, inspired by the methods in [9], we apply Theorem 1.1 and some properties of
BMO(R+, dmλ) space defined in [13] to prove Theorem 1.6.
Proof of Theorem 1.6. Let f ∈ BMO(R+, dmλ), it suffices to prove that for any interval I :=
I(x0, r) with x0 ∈ R+ and r > 0,
1
mλ(I)
∫
I
∣∣∣O (P [λ]∗ )(f)(x)− CB∣∣∣ dmλ(x) . ‖f‖BMO(R+, dmλ),
where j0 ∈ N such that tj0−1 ≥ 8r > tj0 ,
CB :=
[
j0−2∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x0)− P [λ]εj f(x0)∣∣∣2
+ sup
tj0≤εj0<εj0−1≤tj0−1
∣∣∣P [λ]εj0 (f, I)− P [λ]εj0−1(f, I)∣∣∣2
]1/2
,
fI, λ is as (1.4) and P
[λ]
t (f, I) := P
[λ]
t (fI, λ) if t < 8r and P
[λ]
t (f, I) := P
[λ]
t f(x0) if t ≥ 8r.
Therefore, ∣∣∣O (P [λ]∗ )f(x)− CB∣∣∣
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=
∣∣∣( ∞∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x)− P [λ]εj f(x)∣∣∣2 )1/2 − CB∣∣∣
≤
∣∣∣∣∣
[
j0−2∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x)− P [λ]εj f(x)∣∣∣2
+ sup
tj0≤εj0<εj0−1≤tj0−1
∣∣∣P [λ]εj0f(x)− P [λ]εj0−1f(x)∣∣∣2
+
∞∑
j=j0
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x)− P [λ]εj f(x)∣∣∣2
]1/2
−
[
j0−2∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x0)− P [λ]εj f(x0)∣∣∣2
+ sup
tj0≤εj0<εj0−1≤tj0−1
∣∣∣P [λ]εj0 (f, I)− P [λ]εj0−1(f, I)∣∣∣2
]1/2∣∣∣∣∣
≤
 ∞∑
j=j0
sup
tj+1≤εj+1<εj≤tj
∣∣∣P [λ]εj+1f(x)− P [λ]εj f(x)∣∣∣2
1/2
+
j0−2∑
j=1
sup
tj+1≤εj+1<εj≤tj
∣∣∣(P [λ]εj+1 − P [λ]εj ) (f(x)− f(x0))∣∣∣2
1/2
+ sup
0<t≤8r
∣∣∣P [λ]t (f − fI, λ)(x)∣∣∣ + sup
t>8r
∣∣∣P [λ]t (f − f(x0))(x)∣∣∣
=: F1(x) + F2(x) + F3(x) + F4(x).
It follows that
1
mλ(I)
∫
I
∣∣∣O (P [λ]∗ )f(x)− CB∣∣∣ dmλ(x) . 4∑
i=1
1
mλ(I)
∫
I
Fi(x)dmλ(x) =:
4∑
i=1
Gi.
We write
f = (f − fI, λ)χ2I + (f − fI, λ)χR+\2I + fI, λ =: f1 + f2 + f3.
Then, for G1 we have
G1 .
3∑
k=1
1
mλ(I)
∫
I
 ∞∑
j=j0
sup
tj+1≤εj+1<εj≤tj
∣∣∣(P [λ]εj+1 − P [λ]εj ) fk(x)∣∣∣2
1/2 dmλ(x)
=: G11 +G12 +G13.
From the conservation property P
[λ]
t (1) = 1 for all t > 0, we deduce that G13 = 0.
By Ho¨lder’s inequality, John-Nirenberg’s inequality (see [13]) and the fact O(P [λ]∗ ) is bounded
on L2(R+, dmλ), we obtain
G11 ≤
(
1
mλ(I)
∫
I
∣∣∣O (P [λ]∗ )(f1)(x)∣∣∣2 dmλ(x))1/2
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.
(
1
mλ(I)
∫
2I
|f(x)− fI, λ|2 dmλ(x)
)1/2
. ‖f‖BMO(R+, dmλ).
For G12, we write
G12 ≤ 1
mλ(I)
∫
I
 ∞∑
j=j0
sup
tj+1≤εj+1<εj≤tj
∣∣∣(P [λ]εj − P [λ]εj+1) f2(x)∣∣∣
 dmλ(x)
.
1
mλ(I)
∫
I
∫ 8r
0
∫ ∞
0
∣∣∣∂tP [λ]t (x, y)∣∣∣ |f(y)− fI, λ|χR+\2I y2λ dy dt dmλ(x)
.
∞∑
k=1
1
mλ(I)
∫
I
∫ 8r
0
∫
2k+1I \ 2kI
∣∣∣∂tP [λ]t (x, y)∣∣∣ |f(y)− fI, λ| y2λ dy dt dmλ(x).
Similar to the estimate of (2.8), by Proposition 2.1 iii), we see that for any y ∈ R+ \ 2I and
x ∈ I, ∣∣∣∂tP [λ]t (x, y)∣∣∣ . 1mλ(I(x0, |y − x0|)) 1|y − x0|+ t .
From this and the fact that for any k ∈ N,
|fI, λ − f2kI, λ| . k‖f‖BMO(R+, dmλ), (4.1)
it follows that
G12 .
∞∑
k=1
r
mλ(I)
∫
I
∫
2k+1I \ 2kI
|f(y)− fI, λ|
mλ(I(x0, |y − x0|))
1
|y − x0|y
2λ dy dmλ(x)
.
∞∑
k=1
r
2kr
1
mλ(2kI)
∫
2k+1I
|f(y)− fI, λ| dmλ(y)
. ‖f‖BMO(R+, dmλ)
∞∑
k=1
k
2k
. ‖f‖BMO(R+, dmλ).
Combining the arguments of G11 and G12, we obtain G1 . ‖f‖BMO(R+, dmλ).
For G2, by the mean value theorem, there exists ξ := sx0+(1− s)x for some s ∈ (0, 1) such
that
G2 .
1
mλ(I)
∫
I
∫ ∞
8r
∣∣∣∂tP [λ]t (f − fI, λ)(x)− ∂tP [λ]t (f − fI, λ)(x0)∣∣∣ dt dmλ(x)
.
1
mλ(I)
∫
I
∫ ∞
8r
∫ ∞
0
∣∣∣∂tP [λ]t (x, y)− ∂tP [λ]t (x0, y)∣∣∣ |f(y)− fI, λ| y2λ dy dt dmλ(x)
.
1
mλ(I)
∫
I
∫ ∞
8r
∫ ∞
0
∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ |x− x0||f(y)− fI, λ|y2λ dy dt dmλ(x)
.
1
mλ(I)
∫
I
∫ ∞
8r
∫
2I
∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ |x− x0||f(y)− fI, λ|y2λ dy dt dmλ(x)
+
1
mλ(I)
∫
I
∫ ∞
8r
∫
R+\2I
∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ |x− x0||f(y)− fI, λ|y2λ dy dt dmλ(x)
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=: G21 +G22.
To estimate G21, we claim that for t > 8r, x, ξ ∈ I and y ∈ 2I,∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ . 1mλ(I) 1t2 . (4.2)
In fact, since by assumption, x0 ≥ r, we then prove (4.2) by considering the following two
cases.
Case (i) x0 ≥ 4r. In this case, we have x ∼ ξ ∼ y ∼ x0 and mλ(I) ∼ x2λ0 r. By these facts
and (2.4), we see that ∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ . 1(yξ)λt3 . 1mλ(I) 1t2 .
Case (ii) r ≤ x0 < 4r. In this case, mλ(I) ∼ r2λ+1. From this and (2.3), we deduce that∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ . 1t2λ+3 . 1mλ(I) 1t2 .
This implies the claim (4.2).
By the claim (4.2) together with (4.1), we conclude that
G21 .
1
mλ(I)
∫
I
∫ ∞
8r
∫
2I
|x− x0||f(y)− fI, λ|
mλ(I)t2
y2λdy dt dmλ(x)
.
r
mλ(I)
∫
2I
|f(y)− fI, λ| y2λ
8r
dy
. ‖f‖BMO(R+, dmλ).
For x, ξ ∈ I and y ∈ R+ \ 2I, we see that
|ξ − y| ∼ |x− y| ∼ |x0 − y|,
and ∣∣∣∂x∂tP [λ]t (ξ, y)∣∣∣ . 1mλ(I(x0, |x0 − y|)) 1(|x0 − y|+ t)2 .
Applying (4.1) again, we obtain
G22 .
∞∑
k=1
r
mλ(I)
∫
I
∫ ∞
8r
∫
2k+1I\2kI
|f(y)− fI, λ|
mλ(I(x0, |x0 − y|))
1
(|x0 − y|+ t)2 y
2λ dy dmλ(x)
.
∞∑
k=1
r
mλ(I)
∫
I
∫
2k+1I\2kI
|f(y)− fI, λ|
mλ(I(x0, |x0 − y|))
1
|x0 − y|+ 8r y
2λ dy dmλ(x)
.
∞∑
k=1
r
2kr
1
mλ(2kI)
∫
2k+1I
|f(y)− fI, λ|y2λ dy
. ‖f‖BMO(R+, dmλ)
∞∑
k=1
k
2k
. ‖f‖BMO(R+, dmλ).
Combining the estimates for G21 and G22, we have G2 . ‖f‖BMO(R+, dmλ).
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Now we estimate G3 by writing
G3 ≤ 1
mλ(I)
∫
I
sup
0<t≤8r
∣∣∣P [λ]t ((f − fI, λ)χ2I)(x)∣∣∣ dmλ(x)
+
1
mλ(I)
∫
I
sup
0<t≤8r
∣∣∣P [λ]t ((f − fI, λ)χR+\2I)(x)∣∣∣ dmλ(x)
=: G31 +G32.
Recall that the Poisson maximal function MP [λ]f in (3.5) is bounded on Lp(R+, dmλ) for
any p ∈ (1,∞)(see [5] or [24, p. 73]). Then by this, Ho¨lder’s inequality and John-Nirenberg’s
inequality, we conclude that
G31 .
(
1
mλ(I)
∫
I
[MP [λ]((f − fI, λ)χ2I)(x)]2 dmλ(x)
)1/2
.
(
1
mλ(I)
∫
2I
|f(y)− fI, λ|2 dmλ(x)
)1/2
. ‖f‖BMO(R+, dmλ).
To estimate G31, observe that by Proposition 2.1 i), for 0 < t ≤ 8r and x ∈ I,∣∣∣P [λ]t ((f − fI, λ)χR+\2I)(x)∣∣∣ . ∫
R+\2I
∣∣∣P [λ]t (x, y)∣∣∣ |f(y)− fI, λ| y2λdy
.
∞∑
k=1
∫
2k+1I\2kI
∣∣∣P [λ]t (x, y)∣∣∣ |f(y)− fI, λ| y2λdy
.
∞∑
k=1
∫
2k+1I\2kI
|f(y)− fI, λ|
mλ(I(x0, |x0 − y|))
t
|x0 − y|+ t y
2λdy.
Therefore, from this and (4.1), we deduce that
G32 .
∞∑
k=1
r
2kr
1
mλ(2kI)
∫
2k+1I
|f(y)− fI, λ|y2λ dy . ‖f‖BMO(R+, dmλ).
Therefore G3 . ‖f‖BMO(R+, dmλ).
Since P
[λ]
t (1) = 1 for any t > 0, by the mean value theorem, we see that
sup
t>8r
∣∣∣P [λ]t f(x)− P [λ]t f(x0)∣∣∣
= sup
t>8r
∣∣∣P [λ]t (f − fI, λ)(x) − P [λ]t (f − fI, λ)(x0)∣∣∣
. sup
t>8r
∫
R+
∣∣∣P [λ]t (x, y)− P [λ]t (x0, y)∣∣∣ |f(y)− fI, λ|y2λ dy
. sup
t>8r
∫
R+
∣∣∣∂xP [λ]t (ξ, y)∣∣∣ |x− x0||f(y)− fI, λ|y2λ dy,
where ξ ∈ I.
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Applying Proposition 2.1 ii) and arguing as (4.2) and (2.8), we see that for t > 8r, if x, ξ ∈ I
and y ∈ 2I, ∣∣∣∂xP [λ]t (ξ, y)∣∣∣ . 1mλ(I) 1t ;
and if x, ξ ∈ I and y ∈ R+ \ 2I,∣∣∣∂xP [λ]t (ξ, y)∣∣∣ . 1mλ(I(x0, |x0 − y|)) t(|x0 − y|+ t)2 .
By this fact and (4.1), we conclude that
G4 .
1
mλ(I)
∫
I
sup
t>8r
∫
2I
|f(y)− fI, λ|
mλ(I)
|x− x0|
t
y2λ dy dmλ(x)
+
1
mλ(I)
∫
I
sup
t>8r
∫
R+\2I
t|x− x0|
mλ(I(x0, |x0 − y|))
|f(y)− fI, λ|
(|x0 − y|+ t)2 y
2λ dy dmλ(x)
. sup
t>8r
[∫
2I
|f(y)− fI, λ|
mλ(I)
r
t
y2λ dy +
∫
R+\2I
|f(y)− fI, λ|
mλ(I(x0, |x0 − y|))
r
|x0 − y|+ ty
2λ dy
]
.
1
mλ(I)
∫
2I
|f(y)− fI, λ|y2λ dy + r
∫
R+\2I
|f(y)− fI, λ|
mλ(I(x0, |x0 − y|))|x0 − y|y
2λ dy
. ‖f‖BMO(R+, dmλ).
Consequently, we get O(P [λ]∗ ) is bounded on BMO(R+, dmλ). The proof of Vρ(P [λ]∗ ) is similar,
we omit the details. This completes the proof of Theorem 1.6.
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